This article deals with the problem of the determination of characteristics of imperfect circular objects in discrete images, namely the radius and center coordinates. To limit distortion, a multilevel method based on active contours was developed. Its originality is to furnish a set of geometric envelopes in one pass, with a correspondence between grayscale and a regularity scale. The adequacy of this approach was tested with several methods, among them several Radon based ones. More particularly, this study indicates the relevance of the use of active contours combined with a Radon transform based method improved using a fitting considering the discrete implementation of the Radon transform.
SIMULATED DEFAULTS AND DISCRETIZATION PROBLEM
Picture data given by an image sensor is a discrete data set taken from continuous parts of natural objects. Thus, the problem of discretization is intrinsic in any physical image. The study of simple geometric forms such as lines or circles becomes difficult, especially if they are noised or deformed. Many studies have concerned several variants of discrete lines. The point of interest of this article is the problem of subpixel measurement of imperfect discrete circles.
A known continuous circle can resemble several different objects once discretized. The easiest example to understand is the possible choice between the two discretized circles surrounding an Euclidian circle, i.e. the "inner" or the "outer" (Fig.1) shape for circles. Another simple example consists of taking pixels containing a part of the circle.
A unique precise circle has several discretized shape representations. It is not surprising to find some common definitions with which to create discretized circles [1] [2] [3] . A natural question is what definition is closest to the discrete circle produced by the image acquisition chain? It is obvious that it depends on many parameters such as the scene, optics and illumination.
General 3D modeling by a direct or a reverse approach using virtual environments is a very difficult problem and can be ill defined. For this article it will be restrained to observations in ideal conditions. The circles will consist of holes present in homogenous or low textured plane parts placed in the focal plane under gaussian conditions in a dark box with illumination equipment producing the simplest possible illumination model: the intensity of the light corresponding to a pixel is proportional to the length of the contour observed by the pixel. So, sample images will be obtained by discretization of a continuous circle by the principle of intersection, i.e. binary circles defined by the presence or not of a circle part in the pixel's field of view (FOV). It is agreed that discretization is done as on a CCD sensor with square pixels without separations.
However, our goal is not to study the way to discretize a circle but instead the way to return from a discretized circle to the Euclidian circle characteristics, mainly the center coordinates and the radius, and the reachable precision of their subpixel measure [4] , notably in the case of distortions and noise on the contour. Indeed, it is not uncommon in image processing to be confronted with a problem of distorted or noisy circular shapes. Noise is an intrinsic problem in every signal acquisition chain, especially when the signal corresponds to images where light noise can vary greatly. For the distortion problem, in this article, the point of interest is only on interior deformation often produced by some mechanical production processes like cross drilling which lightly touches the opposite surface of entrance of a loose material. The result of the drilling operation leaves some materials that occult a part of the drilling.
It is important to note that the study is not interested in contour extraction but in characteristic measurements. In the same way, the study considers distorted but complete circles. Indeed, even if least-squares, circular Hough transform or other methods like curve fitting presented [5] [6] [7] can be applied on incomplete circles, this is not the case of presented Radon based algorithms. We also do not considered the presence of noise in the background as it requires a pre-processing step that is not in the scope of this article. The studied case of noised circles can be considered as the result of a noise reduction step.
The authors considered a test set produced by modeling a certain variety of perfect and imperfect discrete circles. The characterization of an imperfect aspect of a circle can, for example, be given by the (4π area)/perimeter circular coefficient that must be close to 1. The test set is composed of circles of various sizes and positions, and can be divided into four groups:
Perfect discrete circles described by the following equations ( 
[ ] x E being the nearest integer of x.
Noised discrete circles which are derived from Eq. (1) in order to produce imprecision at a hole's edge [8, 9] and are described by the following equations ( 
A noise is a random variable of centered Gaussian density probability of As can be seen, the authors opted for a simple noise following a normal centered law.
Distorted discrete circles which simulate interior distortion are described by the following equations ( , where a, α and β represent parameters of this deformation.
The authors choose a non symmetric geometric model with interior convex parts, but other models can be used.
Noised and distorted circles combine noise (Eq. 2) and distortion (Eq. 3) (see Fig. 2 ).
The relative scale unit is the pixel. Subpixel sizes and shifts will have an influence on the measurement error. This can be explained by the modification of the value of the nearest integer with a non-integer shift (Fig. 3) . While varying the parameters defining the different groups, we obtain a statistically significant set of simulated circles in order to compare the efficiency of our measurement tools.
CIRCLE PARAMETERS DETERMINATION METHODS
This part essentially deals with the parameter estimation tools. Several approaches were studied in order to obtain the best precision. Among them, are barycentric, circular Hough transform, and least-mean squares based ones which can be considered as classical methods. Another more innovative approach, using Radon transform, was going into to furnish globally good results. The Radon transform is well known in image processing for finding lines in a picture.
The main idea is to analyze a circle through its tangents. Indeed, a circle can be completely described by two tangents.
Consider a circle whose two describing tangents are parallel. The center of the circle is located at the intersection of the perpendicular line going through the contact point of each tangent of the circle and a fourth line parallel to the tangents and located mid-distance ("radius") (Fig. 4) . However, it is obvious that this situation is only possible in the case of perfect circles where this intersection really corresponds with the center of the circle. That is why the study of other cases requires several pairs of tangents in order to find the most probable center. So, to a certain extent, while the characteristics of a lightly deformed circle can be determined as we will see in paragraph 2.3, this kind of technique is not enough for heavy deformations. In order to avoid this limitation, we explored reducing the impact of deformations on circles. Our goal is to make the shape more circular without modifying the center position. An approach of the shape at a coarse scale leads to a more regular contour. The natural question that comes into one's mind is how to choose the best scale for our purpose. In order to answer to this question, the use of a multi-level method is an adapted solution that leads us to combine it with an active contours method in order to obtain a multi-level contour image in a single pass as we will see in Part 3. The application of algorithms on this image or level-fixed extracted image will give results that justify the explored method. Moreover, the implementation of the Radon transform fixes the center of an image as its reference point and needs to discretize the angle parameter. This is a problem in a measurement process because the error on measures will not be the same if the shape is near to or distant from the reference point. In order to avoid this problem, a preliminary centering can be done. For each shape, the barycenter is computed allowing us to center the form in a new smaller picture. Thusly, we can reduce problems with contour positioning and resources.
In order to validate our way of thinking, calculations with and without centering have been done. It is important to note that the reference method will be the barycenter. As a reminder, we recall that this study takes into consideration holes with inner defects.
Least-mean squares methods for circles
In the circle estimation domain, least-mean squares based algorithms are numerous and form one of the two main categories of circle estimators (with Hough being the other one). Our least-square methods are well known methods [10] . The second algorithm implies normalization [10, 11] due to the introduction of a fourth parameter.
Circular Hough transform
The 3D circular Hough transform is also a very common tool for circle estimation. As its name denotes it, the 3D circular Hough transform needs an accumulator array of 3 dimensions; two for coordinates and one for radius space domain. Our approach leads us to consider an n-2D array where n is the number of radii explored. This consumes less memory resources.
Let us focus on the Hough transform for circle forms. Currently, they are several algorithms of this type, grouped according to their simplicity of programming or their resources requirements:
The standard version uses tangents and normals. More precisely, for each pixel of the contour, the tangent at that point is first computed in order to determine the normal. Then, the curvature is also computed for the side of the center in relation to the contour. In an accumulator array, the point of the normal at a distance of one radius from the contour and where the curvature is positive is increased by 1. It is important to note that it is not the local curvature which is considered, but a more global curvature that avoid discretization problems. In an ideal case, we obtain a maximum value of P where P is the number of pixel contours [12] . This algorithm is not easy to implement, and furthermore, it requires a large amount of resources.
A simplification of the previous algorithm can be done. Instead of computing the curvature to determine the side of the center, a double incrementing is made on each side of the contour. It leads to, in an ideal case, an accumulator containing a maximum point equal to P surrounded by a circle whose radius is equal to twice the radius of the real circle. Admittedly, local maxima appear but they do not interfere with finding the global maximum, i.e. the center of the circle, even in cases of distorted or noised circular forms [13] .
A difficulty remains concerning the determination of tangents on a discrete grid. For a given pixel, there can be several valid tangents which differ only in a small shift of orientation. Considering all valid tangents of a pixel, we can describe an arc of possible circle centers. The maximum intersection of arcs is then considered as the circle center. The orientation of tangents does not matter as long as the distance of the projection does not change. Indeed, in a perfect case, the intersection of arcs occurs at a single point. Since the distance of the projection is more important, it is thus possible to consider a complete circle in order to find this intersection. In this way, the computation of tangents is no longer necessary, reducing computations. That is the algorithm that the authors chose.
All the above described methods still need the exact value of the radius in order to give a correct answer. However, this value is the unknown parameter that we are looking for. Two solutions are then possible. First, one can explore all possible radii in a large domain and then take the radius that gives the best maximum value. Second, one can use another method to obtain a first approximation of the radius and improve this value by finding the best Hough 3D maximum accumulator. There was no indication about which one would lead to best results therefore, both were investigated.
As we approached it when we discussed the third method, we study a discrete modeling of an ideal form (i.e. circle). So, the principle so that the accumulation is performed exactly at the center of the model is incorrect. Indeed, the discretization of circles can lead to an accumulation over a neighborhood around the real center position. The real maximum accumulation is then not easily findable as the accumulator is discrete. So, it is easy to find the accumulator maximum but it is not necessarily the exact accumulation position. It is the same for radii which are discrete. Our approach is to follow the evolution of the maximum discrete accumulation at each radius and interpolate the real radius value. By nonlinear least-squares method, this step is done in order to furnish a subpixel approximation of the circle radius (Fig. 5) . Then, a 3D circular Hough transformation is computed with this non-integer value of the radius. Eventually, an integer value of the center's coordinates is found.
The problem of the previous method is that it is very time-consuming because of the computation of the 3D circular Hough transform over a large domain. Another way to proceed is to approach the radius value by increasing or decreasing the value of the radius parameter of the Hough transform in order to find the adequate radius. This is possible thanks to the discretized framework of an image. Nevertheless, geometrically speaking, there are not more than two intersections between circles except if they are identical. The radius (and the center) will be found when projected circles have a common intersection point that is the center of the initial circle. It is this characteristic that will be used to optimize the 3D circular Hough transform. As ideally there is only one common intersection point, it is obvious that on a discretized framework the same global effect can be seen with an advantage: globally, each time the estimation of the radius betters, the maximum value of the accumulator increases. Following the maximum accumulation value of projected circles will lead to the highest value that is associated with the best radius estimation. So, the nearer the intersections are to the center, the bigger the maximum is in the accumulator (Fig.6 ). It remains to follow the evolution of the maximum value over some radius in order to know if the real radius value is inferior or superior. It is then enough to follow the same reasoning until finding the greatest value in the accumulator. This described method can reduce resource usage.
Envelope by Radon and diameters accumulation
The Radon transform [14, 15] is a transformation that allows one to compute the projections of a data matrix, like an image for example, according to a certain angle θ. To that aim, it computes the integral along the line orthogonal to θ and returns a 1D signal. It is a common tool in tomography as the inverse transform reconstructs the object from projections. The Radon transform is given by:
where [ ]
and f an image This transformation is also well known for finding lines in a picture. Actually, an important value of the integral along a projection is significant of an important amount of non-zero value pixels aligned which can be considered as a segment or portions of a line. The Radon transform, also known as the 1D Hough transform, is thus a commonly known tool for line identification, so it is not, a priori, a method adapted to circular forms [16, 17] . It can however be used for circle detection [18, 19] , to find chords of a circle, and to determine center position. As previously said, we are interested in the search for whole tangents of a circle and, because of the discretization, the tangents can be confused with a small arc of circle. The description of a circle by its tangents has already been done [20, 21] . The Radon transform will give us a set of possible lines which are present in a picture for each discrete angle (Fig. 7) . More precisely, the Radon transform converts an image (x, y) into a new domain (ρ, θ). In this new domain, it is possible to pair parallel tangents in order to, after further steps, obtain the circle center. This reasoning can be applied in the case of a perfect circle since a discrete line passing through the maximum of non-zero value pixels will be a discrete tangent. This is obviously not the case for any discrete contour as one can see in Fig. 8 . A distortion can consequently lead to missing the oriented lines we wish to use, i.e. the tangents. Such an error clearly produces inaccuracies but our results indicate that these are as large as than errors given by least-mean squares methods.
Initial algorithm
As previously explained, the first step of the algorithm is to describe a circle by its tangents. To this end, the authors use the Radon transform. This way we obtain an image where the x-axis corresponds to the orientation of the integral line, the y-axis to the ρ parameter and the intensity level to the line integral value. The larger this value is, the more pixels the line contains. Once this step is done, it is necessary to identify the lines that are tangents. Considering the discretization phenomenon, the contact between a circle and a tangent is not necessarily reduced to one pixel and is most of the time composed of several pixels. That is why the authors consider the line which contains the most pixels as the most probable tangent. It is thus a question of finding maxima in the computed Radon image. In order to select each tangent pair of the same orientation, it is necessary to find the two maxima which correspond to these tangents. However, it is not possible to directly consider maxima as several maxima could be found that do not necessarily correspond to these tangents. To that end, the authors split the Radon signal into two parts in the middle according to the ρ parameter. Indeed, the integral line is equal to zero where it does not intersect the circle and non-null when it does. So for a given orientation, the Radon transform has a height of twice the radius of the circle. It is then possible to isolate the contribution of each half circle for a given orientation. This splitting is done by a barycentric calculation. Now, the Radon image is split into two parts as can be seen in Fig. 9 . It is now possible to identify, for each orientation, maxima in these two parts in order to obtain all the circle's tangents (Fig. 11 ). The pairing of tangents of the same orientation is simple to do as the Radon representation is given in (ρ,θ).
It is obvious that, for noised or distorted circles, the tangents found can perhaps not correspond to tangents of the ideal circle. This is due to a perturbation (induced by the noise or distortion) in the Radon signal that is translated by a global maxima positions displacement (Fig. 12 ). However, from now on each pair of lines found is considered as tangents of the evaluated contour.
Once each pair of tangents is computed, the next calculation step is to determine the line having the same orientation and passing mid-distance between each pair of tangents. It is, in fact, a question of lines that contains radius for an ideal circle. The intersection of these lines leads to the circle center position. This can be done in the Radon image by finding the mean of ρ parameters and value for each tangent pair ( Fig.11 & 12 ). This gives us a new Radon signal corresponding to lines passing through the center circle in the initial image. The final step is to compute the accumulator array. This can be done by inversing the Radon transform [22] (Fig. 13 ). The maximum of this array correspond to the most probable center position since it corresponds to the position where there are the most line intersections (Fig. 19 ).
The radius value calculation is based on the variation of the ρ parameter between each tangent pair. So, the center position is found at single pixel-precision. This is not quite as precise as others methods. Our goal is to obtain a subpixel estimation of each parameter with the purpose of a better comparison between our approach and the classical tools of circle estimation. To that end, the approximation on the circle center position obtained during the search of the maximum accumulation can be avoided by determining circle parameters in the (ρ,θ) domain as we can see in 2.3.3. Moreover, in the case of a noisy circle, there is a possible way of improvement to be explored. A noisy circle shows its contour in the form of a cloud of points which are more or less distant from the real shape. The deletion of the farthest points allows us to obtain the closest of the points which well define the circle. This might increase precision in circle parameter determination.
Algorithm including an unlikely point elimination (UPE)
Tangent determination in the case of noisy or distorted circles is not optimal as the hypothesis that lines passing by the high number of active pixels are tangents of the ideal circle is not valid anymore. The dispersion of contour points at the ideal circle because of noise or distortion implies that "pseudo-tangent" positions can change compared to their ideal positions, i.e. for a given position, the orientation of the pseudo-tangent is not the same, causing problems in the tangents pairing. In order to reduce the induced errors induce, the data set is pared of the points whose position seems to be far from an estimated circle position. The goal of this computing is to suppress the points which are too far from the estimated circle center. The authors opted for a model of ασ over three successive iterations, where σ is the standard deviation. The parameter α is chosen in the triplet [1; 2; 3] that means 27 possibilities. The aim of this algorithm is to discover if a set [α 1 α 2 α 3 ] is particularly relevant for the suppression of unlikely contour points. This might be useful for noised circles for which the contour is not well defined. The algorithm is based on the fact that a point in the image domain will be described in the (ρ,θ) domain by the equation:
Obviously, it is also the case for the center of the circle. Knowing Eq. 5, it is possible to determine the distance of computed points of the discretized Radon transform at the ideal curve, and then the standard deviation. The iterative process is then carried out (Fig. 20) .
Algorithm considering fitting aspect (FA)
As we have seen, a convenient way to avoid the pixel approximation of the accumulation image of the basic algorithm is to directly manipulate data in the (ρ,θ) domain, i.e. without returning to the image domain. The aim is to obtain the best approximation of the center of a circle. The computed set of points is expected to be the description of the center of the circle in the Radon domain and, as a point in the image domain, it is described by a curve following Equation (1.5). The search of the two optimum parameters set, which best fits the data, provides a pair of real numbers that correspond to the coordinates of the circle center. More precisely, these non integer numbers are a subpixel estimation of the circle center. The method used for the fitting is a trust region algorithm [23] for nonlinear least mean squares. Fig. 14 is an illustration of that fitting on both distorted and noisy circles and on a perfect one. A complementary process is used to increase measurement precision. It is similar to the UPE (2.3.2) as it is based on suppression of fitting unlikely points. The distance of points from the ideal estimated circle is computed thanks to the standard deviation reported at the calculated circle position. The method used is an unlikely method of type ασ. In order to study effects of this approach, no constraint is made on the number of suppressed points except to keep at least two points in order to complete the fitting but in practice is considered complete after nine iterations. This is an iterative process which deletes several points in a cycle to slowly converge to a solution. An illustration is presented in Fig. 15 which represents this point deletion process. Let us specify that the calculation is directly done in the Hough domain by considering the distance of a point on the curve (Fig. 21 ).
Algorithm considering fitting aspect with discretization effect (FADE)
In order to obtain better results, the authors decided to take into consideration the discretization of the circle in the fitting model. Currently, Equation (5) does not exactly correspond to the data set even for a perfect circle. This is due to the discretized aspect of the representation in the (ρ,θ) domain. In order to consider this aspect in the fitting, one needs to change Equation (5) . The empiric choice the authors carried out is to consider the first terms of the Fourier series expansion of Equation (5) while keeping the previous fitting method and considering a triangle form of the signal thanks to two additional parameters (c & d). The development is done on the fourth order. Tests with higher orders give worse results. It seems that at higher orders the addition of terms with strong variation hinders the following of discretized steps. This gives rise to following equation: The same process of points' suppression is used except that it needs four points in order to complete the determination of (a, b, c, d). In order to be convinced of the difference between FA and FADE methods, the reader is invited to compare results provided in Fig. 15 where the discretized step effect is clearly visible on perfect circle and noised and distorted circle.
ACTIVE CONTOURS MULTI-LEVEL APPROXIMATIONS
As can be noticed, several approaches are possible for compensating imperfections in circles. Among them, one can quote fitting methods and suppression of problematic points which have been used successfully. Considering this last method, the difficulty is to determine which pixel of the contour belongs to the form or to the noise and distortion i.e. if the pixel must be preserved or eliminated. However, in order to limit pixel elimination errors that can lead from a better to a worse estimation of the center position, a solution can be to have a more global approach of the contour instead of a contour pixel approach. Indeed, the authors opted for a pre-processing on the whole contour in order to adapt data to the philosophy of the Radon based methods. This pre-processing provides a family of new contours obtained by an active contours approach in the aim of rounding the initial form especially for noised or distorted circles.
Physic approach
In order to have a better approximation of circle parameters, a pre-processing of the initial image, before applying measurement tools can be a source of precision improvement. The aim is to modify initial data in order to create a new data set that will be more efficiently processed than the initial one. So, the measurement methods will be applied on that modified set of data, instead of raw data, in order to improve global precision of measures. The basic idea is to obtain a new family of envelopes from the initial circular shape. This family is composed of several contours which represent the circular form viewed at different scales. These new contours follow more or less the original form according to the scale (Fig. 16 ).
The concept of granularity of a contour expresses the notion that the authors wish to highlight. The granularity, in the authors' minds, translates the impression of roughness of a contour. The more irregular the contour is, the larger the granularity is. The study of the form at different scales amounts to study the contour at several granularities. This way, a set of several new contours of the initial form is furnished as the envelope of a contour is not the same for all granularity levels. It narrows down to having a family of envelopes following reasonably well the contour of the object. The advantage of that method, compared to a convex envelope, is that the contour is rounded without impinging too much on the position of the center of the object i.e. a distortion is not worsened. That way, the authors hope that the deformation will be partly compensated thanks to the rounding effect, improving the final results (Fig. 17) .
Regarding the family of envelopes, a granularity parameter is empirically fixed to an intended value of 2 that means that the approximation will not mould the circle but, on the contrary, will form a global envelope of the form. This value is chosen experimentally but can be related to the radius of the circle, for example. The multi-level contour is then calculated around this granularity in order to give a precise grayscale (256 levels) picture that translates the evolution of the form following the granularity. Each gray level corresponds to a scale, i.e. to a granularity. A simple thresholding allows getting the contour approach of the object at a fixed scale, i.e. granularity. Finally, the edge of the threshold is determined and used as a new contour (Fig.18) .
The contour is determined thanks to the progress of an initial marker from the border of the image to the center of the picture. This marker spreads itself out depending on a front. This propagation is allowed or not according to the granularity which varies according to the magnitude of the granularity parameter. If a propagation path is too reduced compared to the granularity parameter, the propagation path is stopped for this scale, although the propagation can still continue at smaller scales. So an advantage of this method, in comparison with classic active contours, is that the calculation can be made in only one pass, to have the complete family of envelopes around a granularity/scale. Moreover, the algorithm is well adapted for an electronic implementation [24] . This implies that the computation can be delegated to specific hardware. For the moment, the computation of the active contours consumes a large amount of resources which is why a hardware implementation is necessary for industrial applications. Also note that this method can be used for multi-scale classification [24].
Theory
Let us consider a bidimensional regular discrete (N,M) length grid Ω on which the following bistable diffusive system is defined: Note that it is a discrete version of the FitzHugh-Nagumo partial differential equation (PDE). The presented active contours method is based on a propagation of topological waves that are based on this equation, so that an image evolves through the dynamic system: 
where ν n,m corresponds to the intensity of the image at pixel (n,m), and A is an initial marker from which propagation arises. f(ν) is a cubic function which sets two attracting values v = 0 and v = 1. Due to the fact that α < 1/2, only the stable state v = 1 can propagate. The diffusive parameter controls both the velocity of the traveling wave and the path of propagation, so that when D <D* <<1, the path is forbidden, (with parameter D*, only function of α [22] ). When D>D*, a minimum size of allowed path D > D critical is required to let the wave propagate, as D also defines the wavelength of the traveling wave. Applying relevant information from the image to be processed (i.e. defining B in the system), one can obtain controlled traveling waves in the medium leading to a stable converging state where the wavefronts are stopped in the vicinity of forbidden pixels or inbetween them if they are close enough. This result leads to obtaining active curves connecting different pixels depending on the local diffusive parameter.
STUDY RESULTS

Information on study conditions
We focus on cases with noise amplitude of 5 and distortion amplitude of 10 (for a radius ranging between 25 and 40 pixels). We consider that it furnishes sufficiently noised and distorted circles for our purpose. So, in the rest of this article, we analyze these cases and specify when noise or distortion varies. Without explicit changes, the following conclusions (c.f. 3.3) are made on a model whose characteristics are a noise amplitude of 5 and distortion amplitude of 10. The granularity parameter is set to 2 for the following results. Algorithms were developed and tested with MatLab 7.0.4. on a Windows XP Pro platform (Pentium M 1.7 GHz, 640 Mo RAM). Computation times are however not representative of true performance as the algorithms have not been already optimized, compiled or targeted. In its actual form, active contours are very time-consuming because of the propagation of the wave front, but combined with the centering (smaller picture) it only takes few seconds. It is the same case for Radon based methods. So, algorithms in their present state are not ready for real-time processing, but further optimized implementation may be applied in real production conditions.
Individual results analysis
Least-mean squares methods
As previously stated, the least-mean squares method is a very common and efficient tool for circle recognition. It was obvious that its results will be very precise for a perfect circle. One can see that mean distance error is lower than 0.015 pixels with a standard deviation of the same order. In the same way, the addition of a symmetric noise clearly modifies but not dramatically results as the mean error is lower than 0.15 and has a standard deviation of half of that value. Difficulties in getting a well positioned center appear with the processing of distorted circles as, for a distortion of 10, the mean error with least-squares methods reaches more than 2.1 pixels (σ~0.09). The noised and distorted case simply adds previous errors on circle center position to increase a little the mean error to 2.25 pixels (σ~0.14). The use of active contours associated with least-squares for measurements does not seem to be profitable for perfect circles as the contour is less precise. In the others cases, the improvement can be interesting as the precision can only be increased of ~0.15 pixels (counting on standard deviation variation). It is clear that the use of active contours, for least-squares methods, is helpful only for a very precise measurement. The improvement is visible but not at the level of what it can be as can be seen in the rest of this article. The centering of the form does not bring anything here as the position of the contour in the picture does not intervene in the calculation of least-squares approximations. The difference between the normalized and non-normalized versions is inconsequential, at least for a noise amplitude of 5.
Barycentric method
The barycentric method, which is used to center the form in the picture in order to improve precision with Radon based algorithms, is classically less precise than least-squares approach. However, the combination with active contours can greatly improve results in perfect or noised circles. For a perfect discretized contour, the precision order is about 0.36 pixel but reaches about 0.05 pixel thanks to active contours combined with a depletion of the standard deviation from 0.21 to 0.7. In a noised context, results are not as impressive as the precision of a simple barycenter varies a lot in the [0, 1] pixel domain. There, active contours do not always improve results but rarely worsen precision more than 0.1 pixels. The interesting fact is that the precision is generally lower than 0.5 pixels (noise = 5). It can be very helpful for industrial inspection to be sure that the precision can be delimited. Globally, the mean error falls from 0.4 to 0.24 pixels with active contours (threshold of 2 7 ) and the standard deviation from 0.2 to 0.12. Thus we can hope for a little improvement with the use of active contours in a noised contour. The case of distortion is problematic as the precision with active contours gives practically the same result as that without respectively, ~1.8 pixels with a standard deviation of 0.11 and ~1.9 pixels error with a standard deviation of 0.28. One can see that the biggest improvement occurs in the standard deviation and not in the precision. The best explanation for this constancy is that the deformation is the same on the test set so even if positions are different, envelopes must be practically the same so the error position tends toward the same value. Oddly, the mean error with noise and deformation is lower than the mean error with only distortion (~1.7 vs 1.9) for a standard deviation of the same order. This can be due to the noise but the sample set is to small to be sure that is the explanation. The -14 -active contours do not bring anything in this case as the best results (threshold of 2 7 ) are equal to those without active contours.
3D circular Hough transform
The 3D circular Hough transform is not a subpixel process. So it is obvious that the precision offered is often less than a subpixel version. We applied the active contours before the 3D circular Hough transform for studying purposes. As we suspected, it is not helpful quite the opposite. This behavior is predictable. The 3D circular Hough transform uses an accumulator where a circle is summed for each point of initial picture. The active contours give us several envelopes but the interior part is full as a disk. So there is a loss of precision on the accumulator maximum due to the addition of pixels. The use of an internal marker in addition to the external marker to form a ring envelope could be a better approach, but we do not think it will increase precision because of reasons previously discussed, and that will stay true for a thick envelope. The precision obtained is much worse than those obtained with least-squares or barycentric methods. The mean error is of 2.45 for perfect case, 1.8 for noised contour, 4.38 for distorted circles, and 4.14 for noised and distorted circles. One can see that the addition of noise increases the precision. This phenomenon could be due to the compensation of the discretization of the form but this is not the purpose of this article. This method is clearly not precise enough for metrological measurements.
Initial Radon transform based method
The initial implementation of the Radon transform estimator is not subpixel so the error position is the square root of the integer. The precision for a perfect circle is then 0, 1, or 2 . The precision obtained is quite good (0.61 pixel error, σ~0.53) but it is a perfect case. The use of active contours does not add anything as they have little impact on the results (non-subpixel approach effect). The addition of noise (amplitude 5) implies a degradation of precision which reaches a boundary of 5 even if mean error little varies (0.9 pixel error, σ~0.65). Here, the active contours are helpful as the position error varies to give a mean error and a standard deviation of 0.52 pixel for a threshold of 2 6 . For distorted circles, the precision is worse than with least-square methods with an error of 2.89 pixels (σ~2.12). Again, the active contours are very helpful as the position error falls to one pixel error (1.08 pixel error, σ~0.90, threshold of 2 6 ). This is a great improvement as the error is less than these of least-square methods in distorted case. The case of distorted and noised circles, as one could expect it, is the combination of the precision on noised and distorted contours. Here, the position error reaches nearly 3.5 pixels. That is a very bad result compared to those previously obtained. However, thanks to the active contours (threshold of 2 6 ), it is possible to improve results up to those of least-squares methods, i.e. nearly 2 pixels error. The problem of the precision of the measurement remains as the standard deviation is around 1.5 pixel.
UPE method
All the following Radon transform based algorithms give subpixel results. The first subpixel method that we will study is a combination of the Radon transform and an unlikely point suppression (UPE), with and without active contours. The advantage is that the precision will not depend on a discrete accumulator for center position. For perfect circles, the best results give a 0.45 pixels error (σ~0.16). The use of active contours increases by little the precision, with a mean error of 0.31 pixels and a standard deviation of 0.12. Globally, it seems to be judicious to make a choice of α = [3, 3, 3] (among the triplets that give the same precision) combined with active contours threshold at 2 6 that gives the more reliable results. But these results are not at the level of least-squares based results. The case of noised is problematic. It is not possible to clearly identify a good triplet α. Indeed, without active contours, a precision of 0.54 pixel for σ~0.27 can be obtained with α = [2, 1, 3] . The use of active contours is also a problem as α is not necessarily the same depending on the level of approximation. An α of [1, 1, 3] or [2, 1, 3] gives better results for low thresholds. On the contrary, α = [3, 1, 3] gives better results for high threshold as well as the best precision for a threshold of 2 7 with a mean error of 0.34 pixels and a standard deviation of 0.12. One can see that the best precision is obtained with a threshold of 2 5 and an α of [1, 1, 3] (σ~0.14). Distorted circles take advantage of the new way of calculation as the best precision is at 1.73 pixels with a σ of 0.55. This is a great improvement since the first method gives a mean error of 2.89 (σ~2.12). Active contours are also useful for improving results. Indeed, the precision can fall to nearly 1.68 pixel error (σ~0. . It is the same thing for noised and distorted circles except that the problem of finding an optimum α is even more difficult. Indeed, several triplets give very close mean errors and standard deviations. This way, it is possible to choose each triplet whose last integer is 3 as they give very similar results at the end (one can see the cumulative error among the different level approximation). This is due to the unlikely point suppression process. A drastic suppression at the beginning of the process is not really a problem as the value of σ is big, that is to say that only pixels which are far from the computed center are deleted. But, σ decreases with the iteration process and, this way, the elimination is done on closer and closer points. That is why it is necessary to have an α that compensates the decreasing of σ in order not to suppress too many pixels.
FA method
The second vision of subpixel Radon transform combines the fitting with an unlikely point suppression (FA). The study of a perfect circle shows an improvement of results as the precision is around 0.45 pixel error (σ~0.15). The process of point suppression is, here, not really interesting as it induces very little improvement (~0.002 pixel), which is logical as the contour is "perfectly" discretized. Active contours improve results and the best result is obtained for a threshold of 2 6 with 0.31 pixel error (σ~0.16). This time, the suppression of points clearly decreases the precision. But the least-squares methods more precisely give the position of the center. The addition of noise (amplitude 5) on the contour globally leads to an approximately half pixel error on the centers position (σ~0.27). It is more than least-squares error but a great improvement can be seen compared to the previous version. The use of an envelopes family mostly improves the precision of center position in order to furnish a precision at 0.33-0.34 pixel for a standard deviation of 0.12-0.13 (threshold of 2 5 and 2 7 ). Oddly, the point suppression process does not improve the precision although it is question of a favorable case. Seeing these results, it seems unnecessary for noised contours. An explanation would be that the noise is symmetric and can, this way, be compensated for in the computing. Adding distortion to perfect circles reveals the propensity of this algorithm to make abstraction of deformation. Indeed, this version is already better than the previous version, but combined with active contours, it becomes more reliable than least-squares algorithms. Here, the elimination of points is completely justified as the precision obtained is less than 1 pixel error for a distortion of 10. Although this is without envelope computing, the mean error is of 1.5 pixel for σ = 0.83 (8 th iteration), and a precision of 0.69 pixels (σ~0.15) can be obtained with active contours (threshold of 2 7 and 7 th iteration) or a precision of 0.64 pixels (σ~0.21) for a threshold of 2 7 and the 8 th iteration. In the case of noised and distorted circles, one can see that, most of the time, a precision of 1.17 pixels (σ~0.63) is available thanks to active contours and point suppression process (threshold of 2 7 and 9 th iteration). Compared to least-squares that furnish results with an error of 1.8-2.2 pixels (considering the standard deviation), it is a great enhancement. But the problem is to define the level of the thresholding for envelope determination. Point suppression processes can lower algorithm efficiency, but, globally, it clearly improves results even if the standard deviation increases.
FADE method
The last Radon method, compared to the FA version, takes into account the discretized phenomenon of the computed Radon transform (FADE). One can see that the obtained precision is now better than before. The mean error is of 0.14 pixels (σ~0.2). As previously explained, the unlikely point elimination does not improve results as there are no unlikely points to suppress. Active contours do not bring any improvement on perfect circles as they lead to an approximation that is necessarily more perturbed than the perfect form. So a lack of precision can be seen when active contours are applied. Taking into account the discretization problem proves its interest even if the least-squares methods give better precision results. However, as one can see, the precision obtained (1.27, σ~0.24) for noised circles is worse than those without the aspect of discretization. Even if the use of active contours can partially compensate this problem (0.36, σ~0.24), it is preferable not to consider the discretization. It is the same for a distorted circle, but this is more sensitive on the standard deviation whose value is more than the double compared to the previous version (2.42, σ~2.18 compared to 1.50, σ~0.83 before). Indeed, the point suppression process and the active contours are not sufficiently helpful to compensate the loss of precision (1.99, σ~1.6 compared to 0.69, σ~0.15 before). The same problem is visible for noised and distorted circles. The precision is close to the previous version (3.32 pixel compared to 3.03) but the standard deviation is twice the previous (~1.09) if point elimination is not considered. With active contours, the precision reaches 2.44 pixel error (σ~1.36) at best. This is far from the previously obtained precision i.e. 1.17 pixels (σ~0.63). As can be seen, to the contrary of what it seems in 2.3.2.b), taking into account the discretization phenomenon is only interesting for perfect circles, and least-squares methods are clearly better in this case. This algorithm is not the best for measurement of distorted and/or noised circles. One may prefer the third Radon implementation.
Global results analysis
Seeing these results, it is obvious that the active contours are very helpful when they are combined with advanced Radon transform estimator. Surely, the improvement depends on the choice of a level approximation, but it can be noticed that the thresholding in the middle of the domain gives the best result for distorted cases (noised or not). If the position is well defined without active contours, the "blurring effect" due to an envelope causes a little imprecision. In return, if the center position is not precise, the use of active contours improves precision. In the same way, the unlikely point elimination gives noticeable gains of precision for the third Radon based method, even if it is to the detriment of the standard deviation.
The use of a pre-centering of the form thanks to the barycenter is without effect for least-squares methods and, obviously, for the barycenter method. Its aim is to improve the precision of Radon based calculus. Indeed, the reference point for the Radon transform is the center of the picture and the calculation of a centered form would give better results (c.f . Fig 8) . For the first implementation of the Radon transform, results are not so much improved as they are quite the same, with or without active contours, except for some values which vary a lot. But, for the other Radon based methods, one can see a great change. This change does not necessarily concern the precision obtained but rather the precision in general. Indeed, without pre-centering, the precision can vary a lot from one iteration cycle to the following iteration (e.g. from over 7 to lower than 0.5 pixels). The advantage of the pre-centering is to furnish more homogeneous precision along the iteration process (mostly lower than 0.5 pixel from one iteration to the following one). Nevertheless, the best precision is not always found with this method but the variation from the best result with precentering is often marginal.
Regarding the radius (Table 9) , we obtain five values which are given by Radon transform methods (the same way of calculus), least-squares methods (normalized or not, that is to say 2 values), and 3D circular Hough transform (subpixel and classic version, that is to say 2 values). We propose studying each kind of circle to determine which radius determination is the best for each type. First, we take an interest in the perfect discretized circle. It is obvious seeing the results that the precision is maximal with least-square approximation, this without pre-processing by active contours. Indeed, active contours, in this case, add imprecision as the contour is "perfectly" represented. We can note that the non-normalized version is a little more precise than the normalized one. Then, for noised circles, the active contours are useful as it rounds out the noised contour to form a well defined new family contour. One can see that the precision is better for a certain level than others. This level corresponds to a threshold of 2 5 . The normalized version of least-squares proves that it is better than the classic version for radius estimation when noise is added. The circular Hough method is also improved by active contours. For distorted and for noised and distorted circles, active contours significantly improves the precision for a threshold of 2 7 to furnish subpixel radius estimation. The estimation of radius by Radon based method is interesting as it is also under a pixel precision but at a lower level than least-squares and circular Hough transform. Indeed, the computation of the radius has not already been further studied and needs some improvements, notably the taking into account of deleted points in the calculations. It remains that the active contours approach implies a noticeable improvement in the estimation of the radius.
Regarding the influence of distortion, a better precision is obtained for a distortion of amplitude 5 that is obviously normal as the distortion is less than before. But, depending on the method used, the variation of the precision is not the same. Based on some results, it seems that subpixel Radon based methods are less sensitive than other methods such as least-squares ones at an increase of distortion. On the contrary, least-squares methods are less sensitive to noise variation (amplitude=10) than Radon based methods but active contours partially succeeds in correcting for the loss of precision. A comparative overview on precision and computation velocity is available in Table 10 .
CONCLUSIONS
In this study, we developed or improved several methods for determining circle characteristics, and compared them to classic algorithms in circle recognition. Results are rather good and very promising in a noised or/and distorted context, particularly, for Radon transform based methods whose results, in its more reliable version (FA), trump those of others methods. Taking into account the discretization effect appears to greatly improve global efficiency in a perfect circle but if some perturbations due to noise or distortion are present, the precision is lower if discretization is considered. The use of active contours, in order to produce a family of rounded envelopes, appears judicious in order to avoid or limit some noise/distortion effects. This is a promising path of research as it can be electronically combined with a sensor for a real-time implementation. For the time being, the granularity parameter is set to 2 so it still remains to automatically determine the level of approximation according to the noise/distortion of the contour in order to obtain the best precision.
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